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^^ I Abstract. Integrals of motion of a Haniiltonian system need not commute. The classical 

ff^ , Mishchenko-Fomenko theorem enables one to quantize a noncommutative completely integrable 

^vq . Hamiltonian system around its invariant submanifold as the abelian one. 
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^ ■ Recall that an autonomous Hamiltonian system on a 2n-dimensional symplectic ma- 

O \ nifold {Z, VL) is called completely integrable (henceforth CIS) if it admits n independent 

f^ • integrals of motion {Hi, . . . , if„} in involution. Let M be its regular connected invariant 

-y ' submanifold. The classical Liouville-Arnold theorem [1-3] and its generalization [4,5] for 

C^ \ noncompact invariant submanifolds state that an open neighbourhood Um of M can be 

P . 

O^' provided with the action-angle coordinates {Ja,y"') such that a symplectic form on Um 

.^ I reads fi = dJa A dy"", and the integrals of motion Ha together with a Hamiltonian H are 

i^ ! expressed only in the action coordinates (Ja)- 

However, integrals of motion of a Hamiltonian system need not commute. A Hamilto- 
nian system on a symplectic manifold {Z, Q) is called a noncommutative CIS if it admits 
n < k < 2n integrals of motion {Hi, . . . , H^} which obey the following conditions. 

k 

(i) The smooth real functions Hi are independent on Z, i.e., the fc-form AdHi nowhere 
vanishes. Their common level surfaces are regular invariant submanifolds which make Z 
into a fibered manifold 

H-.Z^NcR''. (1) 

(ii) There exist smooth real functions Sij : N -^ K. such that the Poisson bracket of 
integrals of motion reads 

{Hi, Hj} = Sij oH, i,j = l,...,k, (2) 



where the matrix function (sij) is of constant corank m = 2n — k aX all points of A^. 

li k = n, we are in the case of an abelian CIS. A noncommutative CIS is exemplified by 
a spherical top possessing the Lie algebra so(3) of three independent integrals of motion on 
a certain four-dimensional reduced subspace of the momentum phase space. 

Let us additionally assume that the Hamiltonian vector fields i9i of integrals of motion Hi 
are complete and their invariant manifolds are connected and mutually diffeomorphic. Then 
the classical Mishchenko-Fomenko theorem [6-8] and its generalization [9] for noncompact 
invariant submanifolds state that every invariant submanifold M is diffeomorphic to a 
toroidal cylinder W^~^ x T*", m = 2n — k, coordinated by {y"'), and it admits an open fibered 
neighbourhood H : Um — * Nm endowed with action-angle coordinates {Ja,PA,(l'^,y"') such 
that a symplectic form on Um reads 

n = dJaA dy" + dp A A rfg^, (3) 

and a Hamiltonian 7i depends only on the action coordinates Ja- 

One can say something more. The base A^ (1) is provided with a unique coinduced 
Poisson structure {,}n of rank 2k — n such that H is a Poisson morphism. Furthermore, 
every invariant submanifold M is a maximal integral manifold of the involutive distribution 
spanned by the Hamiltonian vector fields Va of the pull-back H*Ca{z) = Ca{Hi{z)) onto 
Um of m independent Casimir functions {Ci, . . . , Cm} on an open neighbourhood Nm of 
the point H{M) C A^. The original integrals of motion are smooth functions of coordinates 
{Ja,q'^,PA), but the Casimir functions 

Ca{H,{J,,q^,PA))=Ca{Jl>) (4) 

depend only on the action coordinates Ja- Moreover, a Hamiltonian 7i{Jb) = 'H{Ca{Jb)) is 
expressed in action variables J a through the Casimir functions (4). 

We aim to quantize a noncommutative CIS written in the action-angle variables around 
its invariant submanifold. Since {JaiPA^q'^) are coordinates on A^^^"; they are integrals of 
motion which constitute a noncommutative CIS 

{Ja,PA} = {Ja,g^} = 0, {pA,g^} = 5f, (5) 

on Um equivalent to the original one (2). Furthermore, this CIS can be treated as a par- 
ticular abelian CIS possessing n integrals of motion {Ja,p^} and action-angle coordinates 



{Ja,PA,(l^,y"') on Um, where {q^,y"') are angle coordinates on its invariant submanifold 

7W = Vm X M™-^ X T" C M"-" X T", (6) 

where Vm is a base of the fibration Um 3 (<^a,PA, 5''^) -^ {q'^) ^ Vm- Therefore, the 
noncommutative CIS (5) can be quantized as the abehan one. Strictly speaking, this 
quantization fails to be a quantization of the original CIS (2) because Hi{Ja, q^,PA) are not 
linear functions and, consequently, the algebras (2) and (5) are not isomorphic in general. 
As a result, one however can obtain the Hamilton operator 7i and the Casimir operators 
Ca of an original CIS and their spectra. 

There are different approaches to quantization of abelian CISs [10-14]. It should be 
emphasized that action-angle coordinates need not be globally defined on the momentum 
phase space of a CIS, but form an algebra of Poisson canonical commutation relations on 
an open neigbourhood Um of an invariant submanifold M. Therefore, quantization of a CIS 
with respect to the action-angle variables is a quantization of the Poisson algebra C°°{Um) 
of real smooth functions on Um- A key point is that, since Um is not a contractible mani- 
fold, the geometric quantization technique should be called into play in order to quantize 
a CIS around its invariant submanifold. Geometric quantization of abelian CISs has been 
studied at first with respect to the polarization spanned by Hamiltonian vector fields of 
integrals of motion [11,15]. For example, the well-known Simms quantization of a harmonic 
oscillator is of this type. However, one meets a problem that the associated quantum al- 
gebra contains affine functions of angle coordinates on a torus which are ill defined. As a 
consequence, elements of the carrier space of this quantization fail to be smooth, but are 
tempered distributions. We have developed a different variant of geometric quantization of 
abelian CISs [14,16-17]. Since a Hamiltonian of a CIS depends only on action variables, it 
seems natural to provide the Schrodinger representation of action variables by first order 
differential operators on functions of angle coordinates. For this purpose, one should choose 
the angle polarization of a symplectic manifold spanned by almost-Hamiltonian vector fields 
of angle variables. This quantization scheme is straightforwardly extended to the case of a 
noncompact invariant submanifold (6). Since the action-angle coordinates {Ja,PA,<l'^,y°') 
are canonical for the symplectic form Q (3), geometric quantization of the symplectic an- 
nulus {Um, ^) in fact is equivalent to geometric quantization of the cotangent bundle T*Ai 
of the toroidal cylinder Ai (6) endowed with the canonical symplectic form Q (3). In this 
case, the above mentioned angle polarization coincides with the vertical tangent bundle 



VT*M oiT*M ^M. 

Let (g^, y\ a^)) be coordinates on the toroidal cylinder (6), where (a^, . . . , a^) are angle 
coordinates on a torus T^, and let {pa, Ji, J^) be the corresponding action coordinates (i.e., 
the induced fibered coordinates on T*Ai). Since the symplectic form Q (3) is exact, the 
quantum bundle is defined as a trivial complex line bundle C over T*M.. Let its trivialization 
hold fixed. Any other trivialization leads to an equivalent quantization oiT*M.. Given the 
associated fiber coordinate c G C on C ^ T*Ai, one can treat its sections as smooth 
complex functions on T*M.. 

The Konstant-Souriau prequantization formula associates to every smooth real function 
/ on T*M. the first order differential operator 

/ = -^V,, + / (7) 

on sections of C ^ T*Ai, where 'df is the Hamiltonian vector field of / and V is the 
covariant differential with respect to a suitable f/(l)-principal connection A on C. This 
connection preserves the Hermitian metric g{c,c') = cc' on C, and its curvature obeys the 
prequantization condition R = iQ. It reads 

A = Ao + ic{pAdq^ + Jjdy^ + J^da^") ® dc, (8) 

where Aq is a flat f/(l)-principal connection on C ^ T*M.. The classes of gauge noncon- 
jugated flat principal connections on C are indexed by the set W /7I' of homomorphisms of 
the de Rham cohomology group 

H\T*M) = H\M) = H\T) = W 

of T*Ai to f/(l). We choose their representatives of the form 

^o[(A^)] = dp A ^d^ + dJj ® d^ + dJ^ ® 9^ + dq^ ®dA + dy^ ® 8^ + 
rfa^®(9^ + iA^C(9c), A^G[0,1). 

Accordingly, the relevant connection (8) on C reads 

A[{\)] = dpA (E)d^ + dJj ® d^ + dJ^ ®d^+ (9) 

dq^ ® {Oa + ipAcdc) + dy^ ® {dj + iJjcdc) + da^" ® {d^ + i{J^ + \^)cdc). 



For the sake of simplicity, we further assume that the numbers A^ in the expression (9) 
belong to M, but bear in mind that connections A[(A^)] and A[(A' )] with A^ — A' G Z are 
gauge conjugated. 

Let us choose the above mentioned angle polarization VT*Ai. Then the corresponding 
quantum algebra A of T*Ai consists of afiine functions 

in action coordinates [pa-, Ji, J^)- Given a connection (9), the corresponding operators (7) 
read 

/ = i-ta^'dA - '-dAa"") + i-ta'd, - '-d,a') + {-ta^d^ - '-d^a^ - a^X^) + b. (10) 

They are self-adjoint operators in the pre-Hilbert space C^{Ai) of smooth complex func- 
tions of compact support on Ai endowed with the Hermitian form 

M 

Note that any function ip G C^(7W) is expanded into the series 

^ = Il0(?^,l/^)(nM)exp[m^a^], (n^) = (ni, . . . ,n^) G Z'', (11) 

("m) 

where 0(Q''^,|/"')(n^) are functions of compact support on R"^*". In particular, the action 
operators (10) read 

Pa = -idA, Jj = -idj, Jf, = -id^ - A^. (12) 

It should be emphasized that 

o-Pa 7^ SpA, aJj 7^ aJj, aJ^ ^ aJ^, a G C°°{M.). (13) 

The operators (10) provide the desired quantization of a noncommutative CIS written 
with respect to the action-angle coordinates. They satisfy the Dirac condition 

[/,/'] = -^{/7/'}, fJ'eA. (14) 

However, both a Hamiltonian Ti and original integrals of motion Hi do not belong to the 
quantum algebra A, unless they are afiine functions in the action coordinates {pa-, Ji-, Jfi)- 



It is a well-known problem of the Schrodinger representation. In some particular cases, 
integrals of motion Hi can be represented by differential operators, but this representation 
fails to be unique because of inequalities (13), and the Dirac condition (14) need not be 
satisfied. At the same time, both a Hamiltonian Ti and the Casimir functions C\ depend 
only on action variables Jj, J^. If they are polynomial in Ji, one can associate to them the 
operators Ti = TiQi, J^), C\ = C\{Ji, J^) acting in the space C^i^M.) by the law 

ni) = Y^ n{Ji,nf, - A^)0(g^,t/-')(„^)exp[m^a''], 

(rip) 

C'a^ = J2 C\{Ji,n^ - A^)0(g^,|/^)(„^)exp[m^a'']. 

Let us mention a particular class of CISs whose integrals of motion {Hi^ . . . , Hk} form 
a A;-dimensional real Lie algebra g of rank m with the commutation relations 

{Hi,Hj} = CijHh, 4 = const. 

In this case, nonvanishing complete Hamiltonian vector fields ^j of Hi define a free Hamil- 
tonian action on Z of some connected Lie group G whose Lie algebra is isomorphic to g. 
Orbits of G coincide with /c-dimensional maximal integral manifolds of the regular distri- 
bution on Z spanned by Hamiltonian vector fields i^i [19]. Furthermore, one can treat H 
(1) as an equivariant momentum mapping of Z to the Lie coalgebra g*, provided with the 
coordinates Xi{H{z)) = Hi{z), z E Z [18,20]. In this case, the coinduced Poisson structure 
{,}n on the base N coincides with the canonical Lie-Poisson structure on g* given by the 
Poisson bivector field 

w = \clxhd' hdK 
2 ■' 

Recall that the coadjoint action of g on g* reads 

ei{xj) = c'ljXh- (15) 

Casimir functions of the Lie-Poisson structure are exactly the coadjoint invariant functions 
on g*. They are constant on orbits of the coadjoint action of G on g*. Given a point z & Z 
and the orbit Gz of G in Z through z, the fibration H (1) projects this orbit onto the 
orbit Gh{z) of the coadjoint action of G in g* through H{z). Moreover, the inverse image 
H~^{Gh{z)) of Gh{z) coincides with the orbit Gz- It follows that any orbit of G in Z is 
fibered in invariant submanifolds. 
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The Mishchenko-Fomenko theorem has been mainly apphed to CISs whose integrals of 
motion form a compact Lie algebra. The group G generated by flows of their Hamiltonian 
vector fields is compact, and every orbit of G in Z is compact. Since a fibration of a compact 
manifold possesses compact fibers, any invariant submanifold of such a noncommutative CIS 
is compact. 

For instance, let us consider the above mentioned noncommutative CIS with the Lie 
algebra g = so(3) of integrals of motion {iJi, iJ2, -f^s} on a four-dimensional symplectic 
manifold (Z, f]), namely, 

{Hi,H2} = Hs, {H2,Hs} = Hu {H^,H^] = H^. (16) 

The rank of this Lie algebra equals one. Since it is compact, an invariant submanifold of 
a CIS in question is a circle M = S^ . We have a fibered manifold H : Z ^ N onto an 
open subset A^ C 0* of the Lie coalgebra g*. This fibered manifold is a fiber bundle since 
its fibers are compact [21]. The base N is endowed with the coordinates {xi,X2,X3) such 
that which integrals of motion {Hi, H2, H3} on Z read 

Hi = xi, H2 = X2, H^ = x^. 

As was mentioned above, the coinduced Poisson structure on N is the Lie-Poisson structure 

w = X2d^ Ad^+xsd^ Ad'^ + xid'^ Ad^. (17) 

The coadjoint action (15) of so(3) reads 

El = x^d"^ — X2(^ 1 B2 = xid^ — x^d^, £3 = X2d^ — xid"^. 

An orbit of the coadjoint action of dimension 2 is given by the equation 

{xl + x\ + xl) = const. 

Let M be an invariant submanifold such that the point H{M) G Q* belongs to an orbit of 
the coadjoint action of maximal dimension 2. Let us consider an open fibered neighbourhood 
Um = Nm X S^ oi M which is a trivial bundle over an open contractible neighbourhood 
Nm of H{M) endowed with the coordinates (r, ^1,7) defined by the equalities 

/ 2 I 2 I 2\l/2 / 2 2\l/2 • / 2 2\l/2 /i o\ 

r = {x-^^+ X2 + x^) ' , X2 = [r — x-^) ' sm7, x^ = [r — x^) ' C0S7. (18) 



Here, r is a Casimir function on g*. It is readily observed that the coordinates (18) are the 
Darboux coordinates of the Lie-Poisson structure (17) on Nm-, namely, 

d d 

dxi d'y ' 

Let "dr be the Hamiltonian vector field of the Casimir function r (18). It is a combination 

r 

of the Hamiltonian vector fields 'di of integrals of motion Hi. Its flows are invariant sub- 
manifolds. Let a be a parameter along the flows of this vector fleld, i.e., 

oa 

Then Um is provided with the action- angle coordinates (r, xi,7,q;) such that the Poisson 
bivector associated to the symplectic form Q on Um reads 

d d d d 

dr da dxi d'j' 

Accordingly, Hamiltonian vector flelds of integrals of motion take the form 
97' 

n / 2 2\— 1/2 . (y / 2 2\— 1/2 • ^ / 2 2\1/2 ^ 

V2 = r[r — x^) ' sm7— Xi{r — x^) ' sm7— [r — x^) ' C0S7- 



da d'j dxi 

Q / 2 2\-l/2 "^ / 2 2\-l/2 "^ I / 2 2\l/2 • "^ 

V3 = r(r — Xi) ' cos77r Xi[r — x^) ' cos77r — V [r — x^) ' sm7 



da d'j dxi ' 

^1 A ^2 A ^3 = r— A — A ^— ^ 0. 
da d'j dxi 

The action- angle variables {r,Hi = 0:1,7} constitute a noncommutative CIS 

{r,H,} = 0, {r,7} = 0, {H,,-f} = l, (21) 

on Um- This noncommutative CIS is related to the original one by the transformations 

r = {H', + Hi + Hlf\ H2 = (r^ - H^y/' sin7, H^ = (r^ - H',f/' C0S7. 
Its Hamiltonian is expressed only in the action variable r. 



Let us quantize the noncommutative CIS (21). We obtain the algebra of operators 
o , . d ^ , .d i .da dh . 

where a, 6, c are smooth functions of angle coordinates (7,0;) on the cylinder R x S*^. In 
particular, the action operators read 

These operators act in the space of smooth complex functions 

^(7,«) = ^0(7)fcexp[iA;a] 

k 

of compact support on Mx S*^. A Hamiltonian 7i(r) of a classical CIS can also be represented 
by the operator 

T-i{r)ip = ^ T-C{k — \)(f){j)k exp[iA;Q;] 

k 

on this space. 

For instance, let us consider a spherical top whose integrals of motion {Hi, H2, H3} are 
angular momenta, and a Hamiltonian reads 

where / is a rotational constant. The momentum phase space of a spherical top is the 
cotangent bundle Z' = T*RP^ of the group space RP^ of 5*0(3). It is a trivial bundle 
Z' = RP^ X Q* provided with the symplectic structure given by the non-degenerate Poisson 
bracket 

{xi, Xj} = CijXh, {a\ a^} = 0, {xj, a'} = (5*, 

where a* are group parameters. Note that it is not the canonical symplectic structure on 
the cotangent bundle. Let us consider a four-dimensional submanifold Z G Z' oi points 
which belong to the one-dimensional trajectories of a spherical top passing through the unit 
of 5*0(3). These trajectories are exactly the invariant submanifolds of the noncommutative 
CIS (16), and Z is the corresponding fibered manifold H : Z -^ N = g*\ {0}. This fibered 
manifold is not trivial. In particular, the restriction of Z to a coadjoint orbit r =const. 



of A^ is a nontrivial fiber bundle SO (3) = RP^ -^ SO{3)/SO{2) = S^. Its restriction to 
a cycle S^, r =const., xi =const., is isomorphic to the trivial bundle T^ -^ S^. However, 
the parameter a along the fiows of the Hamiltonian vector field ^^ need not perform such 
a trivialization. Therefore, the action- angle coordinate chart (r, 0:1,7, a) is defined on an 
open neighbourhood Um = Nm x "S*^ of an invariant submanifold M where Nm is an open 
contractible neighbourhood of H{M) diffeomorphic to M^. 

A familiar quantization of a spherical top in fact reduces to a linear representation of 
the Lie algebra so(3) by differential operators {Hi, H2, H^} in the space of smooth complex 
functions on a sphere S*^. In comparison with this quantization, the operators (22) provide 
a representation of the algebra of canonical commutation relations (21) (but not the Lie 
algebra so(3)) in the space of smooth complex functions of compact support on M x S^. 
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